The acoustic coupling between closely located acoustic resonators can have a significant effect on the resonance properties. Examples of the influence of coupling include pipe musical instruments such as flue organs or flutes, where the coupling may affect the sound. Here, a physical model of a system of two coupled Helmholtz resonators is developed. The coupling is described by the mutual impedance between the neck openings, and an additive reflection impedance modification to the radiation impedance, which models the effect of reflections from the outer ''shell'' of the other resonator. The theoretical predictions show a good agreement with measurements also reported here. Finally, the effects of coupling on the present system are analyzed.
I. INTRODUCTION

A. The importance of coupling
Coupling between acoustic resonators in speaking and silent mode is important in many technical systems. Such resonant systems may be found in musical instruments, loudspeakers, ventilation ducts, as well as in exhaust systems, for example.
In some musical instruments, the coupling may lead to undesirable detuning and possible beat effects. These phenomena lead to increased workload for instrument builders and tuners since an interactive building approach is then needed to correct for the coupling, which cannot be estimated beforehand, but is obvious when the instrument has been assembled. As an example, the possible importance of the coupling in flue organs is illustrated by Fig. 1 , which is a picture of the interior of a large pipe organ.
It should be mentioned here that the ear is particularly sensitive to small changes in frequency, which means that even effects of very weak coupling can be audible. In this paper, the term pitch, which is really a subjectively perceived quantity related to frequency, will be used to denote measured or predicted resonance frequencies.
B. Coupling between acoustic resonators
The case of acoustic coupling between resonators has not been profoundly analyzed. Some work has been done on general coupling between resonant systems, but the coupling here is generally a simple linear spring force ͑see Refs. 1 and 2͒, although research has also been done on weak coupling of a more general kind. 3 These methods are based on lumped circuit modeling of the coupling, which implies that what happens at one resonator immediately affects the other, implying that the path time between the resonators is not included in the model. This would be a reasonable approximation at the shorter of the resonator separations used here, but not at the longer ones. Also, here the coupling is often too strong for the weak coupling assumptions to hold. It would, however, be possible to employ the weak coupling assumption for the larger resonator separations. Consequently, to develop a general coupling model that holds for all studied configurations, none of the above assumptions is made here.
The mutual acoustic impedance between radiating surfaces of different simple shapes, such as rectangular or circular pistons, has been studied extensively both analytically and numerically; see for instance Refs. 4 and 5. The mutual impedance between radiators is also important in electromagnetic engineering, for example in antenna design. 6 Mutual acoustic impedance between resonator orifices in simple arrays, and its effect on the resonance properties, has been qualitatively studied in Refs. 7 and 8, but no detailed analysis has been performed. Ingard 7 found that the coupling decreases the maximum absorption of each resonator. A radiation impedance approach to the problem was taken by Mechel, 8 who found that an array of identical resonators absorbs in a wider frequency band than a single resonator.
The influence of reflections from infinite planes in the vicinity of a source has been modeled by the mutual acoustic impedance between the radiator and its image source ͑re-flected in the plane͒; 9 otherwise, not much work has been done on the influence or reflections. Here, the influence of reflections is modeled as an equivalent additive contribution to the radiation impedance.
In this paper, investigation of the effects of tworesonator coupling for different resonator separations and uncoupled pitch differences is performed. A theory, based on previous research on Helmholtz resonators and a novel coupling model, is described and compared with measurement results. Finally, descriptions of the coupling effects are given, together with attempted physical explanations.
II. BACKGROUND
The findings reported here represent the first step in a study of the coupling between close flue organ pipes. Organ pipe coupling effects include pitch drift, output soundpressure level change, and alteration of system losses. These effects can significantly change the audible impression of the organ sound. It is for instance believed that the differences in organ pipe coupling account for some of the differences in sound between new and older ͑baroque͒ organs.
There are many complicated issues in flue organ pipe coupling, for example the jet drive, the possible interaction of the driving air jets, and the large number of pipes that may couple, and it was therefore decided to start this study by investigating coupling between simpler, nonjet-driven resonators.
A flue organ pipe uses a quarter-or half-wavelength resonator, and thus it would seem natural to use the same kind of resonator in this initial study. However, the Q value of the main resonance is typically about an order of magnitude higher in Helmholtz resonators than in quarterwavelength resonators, which means a much better signal-tonoise ratio around resonance and thus a facilitated measurement of resonance properties.
There are, of course, some very important differences between an organ pipe and a Helmholtz resonator, primarily in the number of openings ͑although there are organ pipes with covered top ends͒, the resonator drive, and the harmonic spectrum. However, as a first-order approximation, the mouth and top of a silent organ pipe are so much smaller than the wavelength that they will act as monopole sinks, just like the neck opening of a Helmholtz resonator at low frequencies. This means that organ pipe coupling will resemble Helmholtz resonator coupling, even though the speaking pipe/resonator does not function in the same way.
III. EQUIPMENT
A special set of detachable aluminum Helmholtz resonator ''bottles,'' see Fig. 2 , was made for the experiments. Four different body parts ͑of different lengths but otherwise the same͒ were made to allow variation of the pitch. The body length L and internal radius R are defined in Fig. 2 , as is the neck length l and inner radius r.
The resonators are designed to allow simple calculations of acoustic parameters, particularly the neck-end corrections and the mutual impedance. They are made from cylindrical aluminum pipes and plates, of thickness 2 mm or more. Because of the thick material, the influence of structural modes is neglected.
The body and neck are cylindrical, and the bottom and top parts are flat. For fine-tuning of the pitch, a screw of diameter 20 mm and a small rise per turn is threaded into the bottom of each resonator. A miniature electret condenser microphone is also placed in the bottom plate of each resonator. The influence of the ͑short͒ screw and the microphone is neglected in all the analytical calculations. The screw's maximum effect on the pitch is 1.5 Hz, as found in both measurements and simulations. The microphone is so small that its influence on the pitch is less than 0.1 Hz. 
IV. MEASUREMENTS
Reciprocity measurements are used throughout this work. Pseudorandom ''white'' noise, filtered to the frequency range of interest, is sent to the Dynaudio 17W-75 EXT loudspeaker, and small microphones in the bottom of each resonator record the resulting sound pressure. The MLSSA measurement system ͑DRA Laboratories, Sarasota, FL͒ is used to record system responses. Using the MLS method, the response is then deconvolved by the output signal to form the impulse response of the system.
The measurement setup is shown in Fig. 3 , where, for clarity, the resonator separation is considerably exaggerated. Here, D 1 and D 2 are the distances between the measurement point and the corresponding neck openings; d is the resonator separation; is the receiver angle; and U n,1 and U n,2 are the neck volume velocities. The resonators are mounted on tripods, standing on a computer-controlled turntable. Because the tripods are about 1 m high, the influence of reflections from the turntable is small, and it is neglected here. The acoustical center of the loudspeaker, used to excite the resonators, is 1.12 m away from the center point of the two resonators. This center point, indicated by the cross in Fig. 3 , is on the axis of the turntable, and is therefore fixed in space. To record the radiation pattern, the turntable is rotated 5 deg between each measurement.
The resonators are arranged along a common symmetry axis, as shown in Fig. 3 and Fig. 4 . To investigate the effects of different coupling strengths, measurements are carried out for resonator separations d of 1, 2, 4, 8, and 16 cm, and the impulse responses are recorded for both the lower-and the higher-pitch resonator. The data are saved for subsequent analysis using MATLAB ® . To obtain the frequency responses, the impulse responses are Fourier transformed.
The resonant frequency of the lower-pitch resonator is kept constant, while the pitch of the other resonator is varied by changing the body parts. As previously mentioned, there are four different body parts. For easy comparison with organ pipe measurements not reported here, the length L of these is chosen so as to make the second resonator resonant at the same frequency as, a semi-tone above, a whole tone above, and a major third above the reference resonator, respectively. That is, in units of the pitch f 1 of the reference resonator, the other resonator is resonant at f 1 , 2 1/12 f 1 , 2 1/6 f 1 , and 2 1/3 f 1 , respectively, with an error less than 0.029% ͑corresponding to less than 0.5 musical cents͒. Throughout this work, the modal circle fit algorithm is employed to find resonance parameters.
To compensate for the frequency dependence of the loudspeaker volume velocity, the sound pressure at the center point of the two resonators is measured in free field, i.e., the resonators are removed before the measurement. Assuming monopole radiation, the volume velocity U sp of the loudspeaker is calculated from these measurement data. As the monopole sound pressure is proportional to U sp , the measured frequency responses can then easily be normalized to a constant U sp , which allows easy comparison to theory. This normalization technically yields a quantity with impedance units. However, impedance refers to the relation between sound pressure and volume velocity at the same measurement point, and therefore our quantity is not an impedance. It should be regarded as the resulting sound pressure, given a certain constant source volume velocity at a certain point in space. Here, the source volume velocity U sp is ͑arbitrarily͒ set to 10 Ϫ4 m 3 /s.
V. THEORY
A. Reciprocity
A loudspeaker on the outside and microphones on the insides of the resonators are used in the measurements. When deriving the equivalent acoustical impedance analogy circuit for the coupled resonators, it simplifies matters to put the sources inside the resonators and the microphone on the outside. By reciprocity this gives the same results. Note that reciprocity only allows a source in one of the resonators; therefore, using this approach, we can only study the coupling of one speaking and one silent resonator, and not the coupling between two speaking resonators. The terms ''speaking'' and ''silent,'' borrowed from organ pipe terminology, are used throughout this paper to distinguish between a resonator excited by a source on the inside and a nonexcited one, respectively.
B. Single resonator with losses
First, the model for the neck volume velocity of a single resonator in free field is derived. In an acoustical impedance analogy, the Helmholtz resonators used here can, near the fundamental mode, be described by the lumped circuit model in Fig. 5 . In this model, the volume velocity source U in is, as mentioned, inside the resonator. Alternatively, the resonator can be modeled using a transfer matrix approach. This could possibly result in a need for fewer approximations and an improved accuracy, but it would also result in a model that is far less intuitive. As priority here is given to intuitivity, and because predictions derived from the present model are later shown to agree reasonably well with measurements, the lumped circuit model is used in what follows.
In Fig. 5 , the parameters used are the volume velocities U b in the resonator body and U n in the neck; body compliance and mass C b and M b ; and finally, neck resistance and mass R n and M n . The radiation impedances at the inner and outer end of the neck are included as end corrections in the neck impedances.
The lumped circuit body impedances are, to the first approximation
where C b is the acoustical compliance of the air in the body, and M b is a cylindrical resonator body air mass correction derived by Panton and Miller. 10 M b is equal to one-third of the acoustical mass of the body air. In using M b , the influence of the adjusting screw and microphone is neglected. In Eq. ͑1͒, c is the speed of sound in air; 0 is the density of air; and R and L are the body length and radius, respectively, as defined in Fig. 2 . Numerical values for 0 and c are given in Table I . The losses inside the body are neglected since they can be expected to be much smaller than the losses at the neck.
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M n is the acoustic mass of the air in the neck, including the end correction lЈ. It is given by
͑2͒
The end correction lЈ is the sum of the end corrections at the inner and outer neck ends. An approximate equation for the inner-end correction, derived from modal theory, is given by Kergomard and Garcia. 12 Using this equation, for the present configuration, the numerical value of the inner-end correction is l inner Ј ϭ0.509r.
͑3͒
The outer-end correction of
͑4͒
is obtained from end-correction data measured by Peters et al. 13 for an open pipe end. The numerical value of Eq. ͑4͒ is arrived at by linearly interpolating between the end correction values for inner-to outer neck radius ratios of 0.70 and 0.85, thus arriving at the end correction for the present ratio of 0.80. Strictly, the influence of the body part of the resonator will distort the flow from that found around an open pipe. The body can be seen as an expanded part of the pipe, restricting the flow to a narrower region in space, which implies that its presence must increase the equivalent amount of moving air outside the neck, i.e., the mass end correction. The amount of increase is difficult to estimate without the use of numerical flow modeling. However, the body radius is much smaller than the wavelength at the frequencies of interest (kRϽ0.3), which means that its effect on the flow is small. To at least estimate the order of a pitch shift due to possible errors in Eq. ͑4͒, this pitch shift is certainly much smaller than in the extreme case of a baffled pipe, which leads to an end correction of 0.8127r, 13 and a pitch shift of up to 2% compared to when Eq. ͑4͒ is employed.
The neck resistance R n represents the resonator losses
where
͑6͒
In Eq. ͑5͒, 0 is the dynamical viscosity of air ͑numeri-cal value given in Table I͒ ; f is the frequency; and is the angular frequency. In Eq. ͑6͒, eff is an effective coefficient of viscosity, taking the heat conductivity of the neck walls and the resulting energy loss into account; 14, 15 ␥ is the ratio of specific heats; is the coefficient of thermal conductivity; and c p is the specific heat capacity at constant pressure.
R n includes several contributions. The first right-hand term in Eq. ͑5͒, adapted from Ingard, 7 represents the viscous losses in the neck wall boundary layer. R n 's second term, also adapted from Ingard, 7 represents the viscous losses at the neck ends. This approximate expression can be used both for flanged ͑in infinite baffle͒ and unflanged ͑free͒ neck ends. 16 As neither the inner-nor the outer neck end is strictly neither flanged nor unflanged, the use of it here is another approximation. Conditions at the outer end can be expected to be somewhere between the flanged and the unflanged case. At the inner end the influence of the finite body radius should be taken into account, but this is probably not possible by analytical methods, and it is not done here.
It should be noted here that the expression for the second term in Eq. ͑5͒ was originally arrived at by empirical methods, and its validity is not supported by analysis. New measurements are needed to validate it, or arrive at a better one. However, this is out of the scope of the present paper. The present expression, being the only available approximation, is therefore used. To illustrate the sensitivity of the predicted results to this second term of Eq. ͑5͒, a 10% change in this term gives a Q value change of up to 4%. As will be seen in the Results section, this is on the order of the discrepancy between measured and predicted Q values; therefore, it can be stated that the discrepancies likely may be caused mostly by errors in the uncertain estimation of the viscous losses at the neck ends.
The ͑monopole͒ radiation losses at the outer neck end, calculated for the low-frequency limit of a piston in a long 16 are represented by the final term of R n . The dominant loss mechanisms for a low-frequency Helmholtz resonator driven at low amplitudes are the viscous and radiation losses. In the present system and at the low frequencies of interest ͑approximately 240 to 440 Hz͒, the viscous losses are 2-6 times bigger than the radiation losses. Losses in the body part of the resonator, primarily thermal losses to the walls and viscous losses in the boundary layers, were found to be several orders of magnitude smaller than those in the neck. Consequently, they are not included in the model.
Returning to Fig. 5 , an equation for the neck volume velocity U n is desired. For simplicity, the total neck and body impedances are defined as in Eq. ͑7͒
The frequency response of a single resonator is now obtained from Fig. 5 as
using volume velocity division between the body and the neck.
C. Dual resonator with losses and coupling
For the system of two coupled resonators, Fig. 6 shows the equivalent acoustic impedance analogy for calculation of the neck velocities. In this figure, the speaking resonator and all corresponding impedances are labeled ''1,'' and the silent resonator is labeled ''2.'' There are two different coupling effects in the present system. The sound field at the neck of one resonator is affected by, on one hand, the radiation from a source at the neck opening of the other resonator, and, on the other hand, the altered radiation conditions due to reflections off the outer shell of the other resonator.
The influence of the source at the other resonator is modeled by calculating the equivalent sound-pressure contribution at the present resonator's neck opening. The mutual impedance Z 12 is used to model how a volume velocity in the neck of one resonator causes a sound pressure on the neck opening of the other resonator. Consequently, at the neck opening of resonator 1, the equivalent source modeling the influence of the radiation from resonator 2 is Z 12 U 2 , and vice versa.
The influence of sound waves reflecting off the outer shell of the other resonator is modeled by modifying the radiation impedance at the outer neck end. For clarity, this additive modification is shown as a separate impedance in Fig. 6 .
Because the only difference between the two resonators is the different body length L, the neck impedance Z n is the same in both resonators. If the body lengths L differ, the body impedances Z b,1 and Z b,2 are different ͓see Eq. ͑1͔͒, as are the reflection impedances Z refl,1 and Z refl,2 ͓the equivalent sphere radius a of Eq. ͑22͒ depends on L͔. In Eq. ͑9͒, a total neck impedance is defined as the sum of the ''uncoupled'' neck impedance from Eq. ͑7͒ and the reflection impedance Z n,1 ϭZ n ϩZ refl,1 ͑9͒ Z n,2 ϭZ n ϩZ refl,2 .
Using Fig. 6 and Eq. ͑9͒, equations for the volume velocities are given in Eq. ͑10͒
Equations ͑10a͒ and ͑10b͒ express the equality of sound pressures on the parallel neck and body branches in the Fig.  6 model. Equations ͑10c͒ and ͑10d͒ express the conservation of mass in resonators 1 and 2, respectively. Defining
the solution of Eq. ͑10͒ is obtained as
The mutual impedance between the resonators is defined as the average sound pressure on one of the neck openings, generated by a unit volume velocity on the other. To be able to deduce analytical approximations of the mutual impedance and the reflection impedance, and also to derive an equation for the receiver sound pressure, a monopole source action is assumed. This is a plausible assumption at the low frequencies of interest, but at the smallest resonator separation of 1 cm its validity needs to be investigated further. Measurements of the distance dependence of the sound-pressure level show that at the frequencies of interest, the neck opening of a resonator acts as a monopole at distances larger than 2 cm. The influence of the source size can be observed closer to the neck opening. In order to keep things simple, this is neglected, and throughout this work it is assumed that the resonator neck openings act as perfect monopole sources. The body and the neck opening of the other resonator both act as low-pass filters in space, decreas- ing the influence of the near-field sound-pressure fluctuations, which makes the approximation reasonable, even at the smallest resonator separation.
According to Ando, 17 the radiation from a circular pipe end can, in the far field, be modeled as that of an imagined monopole source at the acoustical center of the radiating pipe end. Ando 17 gives graphs of the distance l ac between the neck opening and the acoustical center for certain ratios of inner to outer pipe radius. Technically, the far field does not extend down to the smallest resonator separation, but this is neglected here, and a monopole source action is, as stated, assumed. To find the location of the acoustical center in the present case, Ando's data are linearly interpolated between inner-to outer-neck radius ratios of 0.70 and 0.85, giving the numerical value of l ac ϭ0.85r. ͑13͒
The geometry for calculation of the mutual impedance is shown in Fig. 7 . The sound pressure radiated from a monopole source of volume velocity U 0 at the acoustical center ͑the cross in Fig. 7͒ , evaluated at a distance , is
where k is the wave number, kϭ2/, being the acoustical wavelength. In Fig. 7 , l ac is the distance between the neck opening of the speaking resonator and the acoustical center; and is the radial distance of the measurement point from the symmetry axis. From Fig. 7 , ϭͱ(dϪl ac ) 2 ϩ 2 . To calculate the mutual impedance, the sound pressure is averaged over the neck opening S of the other resonator and then divided by the source strength, as in Eq. ͑15͒
In order to deduce an analytical approximation of the reflection impedance, the speaking resonator neck opening is assumed to act as a monopole radiator. There is an analytical solution for the sound pressure radiated from a piston in a sphere, a case that could be applicable here and might closer approximate the actual conditions, but fulfilling the boundary conditions on the reflecting resonator using this approach would require numerical solution. At the low frequencies of interest, the comparative gain of this approach would probably be small, and it is not pursued.
Because the dimensions of the resonators are much smaller than the wavelengths of interest, the individual shape of a resonator is only of slight importance to the scattering. Therefore, the scattering off a resonator does not differ much from the scattering off a rigid sphere of the same volume and the same center of gravity as an imagined homogeneously filled resonator. This rigid-sphere model of the other resonator's scattering properties is used here.
The scattering of a spherical wave incident on a rigid sphere of radius a is calculated in Ref. 18 , using the setup in Fig. 8 . The source is at r 0 ϭ(r 0 ,␣ 0 , 0 ); the measurement point is at rϭ(r,␣,); and the sphere is centered at the origin.
The sound pressure incident on the sphere is thus given by
where U 0 is the source volume velocity. The scattered sound pressure is obtained as
where h l (x) and j l (x) are spherical Hankel functions of the first kind and spherical Bessel functions, respectively. The primes indicate derivation with respect to the entire argument. In the summation over m, m is the Neumann symbol given by Eq. ͑18͒ S l m (x) is given by Eq. ͑19͒
where P l m (x) is an associated Legendre function. The measurement point of interest is the same as the source point, rϭr 0 . The source is ͑arbitrarily͒ chosen to be at ␣ϭ0, as shown in Fig. 8 . Also using
Eq. ͑17͒ can be greatly simplified:
The equivalent reflection impedance is obtained as
where, because the magnitude of the summation terms decrease rapidly with l at the low frequencies of interest, the summation is truncated at lϭ10. Because the resonator separation is much smaller than the wavelength ͑below 500 Hz͒, the sound pressure of the reflected wave is approximately in phase with the transmitted wave at a neck opening. The phase difference increases with frequency, resulting first in a more inefficient radiation the higher the frequency. Therefore, in the present system the influence of reflections should move the resonances toward lower frequencies. This effect is observed in the predicted receiver sound pressure by doing the calculations both with and without the reflection impedance.
Using Fig. 3 and again assuming monopole sources at the neck openings, the receiver sound pressure can be deduced. This sound pressure should also include the scattering off the resonators. The first-order scattering can be evaluated using Eq. ͑17͒ with ␣ as the actual receiver angle and all other parameter values the same as in the reflection impedance analysis. The scattering contribution evaluated in this way was found to be completely negligible for the presently analyzed system, and consequently is not included in the receiver sound-pressure equations.
The resulting receiver sound-pressure equation is
The ratio of the receiver distance D and the resonator separation d is (d/D)р(0.16/1.12)ϭ0.14, which justifies the use of the standard dipole approximation
and D 1 and D 2 are defined in Fig. 3 . This gives a maximum distance error of 0.3%. Since ⌬D/Dр0.16/2.24ϭ0.071Ӷ1, it is possible to simplify Eq. ͑23͒ further, using
͑26͒
The relative error in the approximation of Eq. ͑26͒ is less than 0.6%. Equation ͑23͒ can now be rewritten
The first and second terms in the above expression correspond to the in-phase and the out-of-phase radiation component, respectively. 
VI. RESULTS
A. Frequency response
Introduction
In this section, the measured frequency responses for free-field and coupled resonators are compared to theoretical predictions from the equations presented here, especially Eq. ͑27͒, for predicting the receiver sound pressure. In all subsequent data plots, the frequency range of 240 to 440 Hz is used. This is where all resonances and all relevant coupling effects occur.
As stated, reciprocity implies that in the present system the same results are measured if the source and receiver positions are swapped. In order not to confuse the reader, the source-on-the-inside approach, which was used to develop the theory, is used in what follows. Therefore, the problem can be thought of as sound radiation from coupled resonators, only one of which is speaking.
The variation of the frequency responses with receiver angle is consistently very small, and no ''new'' features are found in the responses for angles other than 0°. Figure 9 , showing the measured responses for coupled resonators a semi-tone apart and separated by 4 cm at receiver angles of Ϫ90 to 90°, in steps of 45°, illustrates this. To reduce the amount of data to present, only the responses for the 0°angle are presented throughout this section. This is no major limitation; it merely implies that the radiation model of Eq. ͑23͒, which is almost trivial, cannot be validated. Table I lists the relevant physical properties of air at 20°C and 760-mm Hg.
Single resonators
A comparison between the measured and the calculated frequency spectra of all four resonators in the free field is shown in Fig. 10 . The four resonators are the reference one, and three of higher pitch ͑a semi-tone above, a whole tone above, and a major third above the reference pitch͒. The agreement is good, which shows that our model of the resonator is accurate. Possible causes of the discrepancies between predictions and measurements include the use of lumped circuit elements and the approximate expressions for the losses ͓Eq. ͑5͔͒.
In Tables II, III , and IV, the resonant frequencies, resonance amplitudes, and Q values for all four resonators in the free field are displayed. The tables also show the relative discrepancies between measured and predicted values. The relative discrepancies in resonant frequency and Q value are less than 0.94% and 4.85%, respectively. The Q value is underestimated, i.e., the losses are overestimated, which again shows that better expressions for the losses are needed. Finally, the resonance peak amplitudes are slightly underestimated, the absolute discrepancy staying below Ϫ2.2 dB.
Coupled resonators
Measurement results and calculated predictions of frequency responses for coupled resonators are shown in Figs. 11, 12, and 13. Resonator separations of 1, 4, and 16 cm ͓subfigures ͑a͒, ͑b͒, and ͑c͒, respectively͔, and pitch differences of zero and a whole tone, corresponding to silent resonator lengths of 80.0 and 63.5 mm, respectively, give a representative view of the performance of the theory, and are therefore used to validate it. Both the magnitudes and the phases of the frequency responses are shown for a receiver angle of 0°͑cf. Fig. 3͒ .
As the figures show, the predicted responses agree well with the measured ones, a substantial part of the discrepancies probably due to the inaccuracies in the resonator model. The differences between the measurements and the predictions are approximately the same regardless of the specific parameter configuration, which further strengthens the model. Figure 11 shows the receiver sound-pressure frequency response for resonators of the same pitch. As both the measurements and the predictions show, only one resonance, at a frequency quite far below the uncoupled pitch ͑measured at 302.64 Hz, predicted at 301.85 Hz͒, is found in the response. This phenomenon is specific to the 0°receiver angle; two resonances are actually developed in the neck velocities, but one is canceled in the 0°direction, i.e., at the canceled resonance, the sound-pressure contributions from resonator 1 and 2 are completely out of phase at the receiver. This topic is further discussed later.
As expected, the errors are largest for the smallest resonator separation, where the monopole approximation is least valid. Also, the influence of small absolute errors in the resonator separation is larger at small separations. For d larger than 1 cm, the prediction stays within Ϯ3 dB of the mea- sured response magnitude, and the phases never differ by more than 0.2. A resonator pitch difference of a whole tone and excitation of the lower-pitch resonator yields the responses of Fig.  12 . The deviations between the measurements and the predictions stay within the tolerances stated above in this case as well. Figure 13 shows the corresponding responses when the higher-pitch resonator is speaking. The responses are quite different from when the lower-pitch resonator is speaking; a discussion of this will follow later. The theory still performs well, the errors fulfilling the criteria for the lower-pitch resonator. Concluding, Figs. 11, 12, and 13 show that the coupling theory developed in this paper is able to accurately predict the frequency responses of coupled Helmholtz resonators for different resonator separations and pitch differences.
Since the effects of acoustic coupling between resonators have not been examined much in literature, attention is now turned to illustrating the various coupling effects that occur in the present system. For this purpose, and because the model has been successfully validated, Figs. 14 ence. The subfigures ͑a͒ and ͑b͒ show the responses for systems excited by the lower-and higher-pitch resonators, respectively. In each subfigure, the separation d is varied from 1 to 16 cm.
In the following, the resonances associated with the speaking resonator and the silent resonator will be called the primary and the secondary resonance, respectively. It is important to note that these primary and secondary resonances do not directly originate in any one resonator, but are a result of the interaction of sound waves originating in both resonators.
Throughout the measurements, no modifications were made to the lower-pitch resonator, but the body sections of the other resonator were changed to alter its pitch, as stated in Sec. II. This precludes drawing conclusions on properties of higher-pitch resonator-driven systems from the measurements. It is of course possible to make predictions from the model, but this is out of the scope of the present paper. For the small resonator separations used here ͑kd is below 1͒, the strength of the coupling increases when the resonators are moved closer together and when the uncoupled pitch differ- ence is decreased. If the separation is on the order of the wavelength, resonant effects occur in the mutual impedance, causing coupling effects that are probably different from those reported here.
A stronger coupling implies a stronger excitation of the secondary resonance, and a decreased primary resonance amplitude. However, one cannot directly state that the energy lost in the primary resonance goes into the secondary resonance, because, due to the changed radiation conditions, the total system energy may change under the influence of coupling.
The coupled resonant frequencies ͑primary and secondary͒ are further apart than the uncoupled ones; the coupled higher pitch is higher and the lower one is lower than the uncoupled ones. The shift is larger the closer the two uncoupled pitches, i.e., the stronger the coupling. Figure 14 shows that if the uncoupled pitches are equal, only one resonance is present, at a pitch lower than any other pitch found here for the same resonator separation. Further investigation of the neck velocities for this special case reveal that two resonances are present in each neck velocity frequency response. The resonant frequencies for the smallest separation are around 285 and 323 Hz, respectively. Figure 18 , a plot of the predicted neck velocity and receiver sound-pressure magnitudes, clearly shows the two resonances in the neck velocities, but only one resonance in the receiver sound pressure. The higher-pitch resonances in U n1 and U n2 are out of phase, and therefore cancel each other completely in the 0°d irection. Because of the inefficiency of dipole radiation, the higher-pitch resonance results in a small frequency response peak at approximately 323 Hz only at large receiver angles.
The amplitude of the primary resonance decreases when coupling is introduced into the system ͑compared to the freefield results of Table III͒ . However, the decrease is much smaller, and practically independent of resonator separation, when the lower-pitch resonator is speaking than when the higher-pitch resonator is speaking. In the former case, the amplitude shows only little variation with the uncoupled pitch difference, except when the uncoupled pitches are the same, in which case the amplitude of the common resonance is approximately 3 dB lower than the minimum primary resonance amplitude for different pitches. In summary, a system excited by the lower-pitch resonator is less influenced by coupling.
The Q value of the primary resonance exhibits very different behavior depending on which resonator is speaking. When the lower-pitch resonator is speaking, the primary resonance Q value decreases when coupling is introduced into the system. The decrease is larger the stronger the coupling, except for very small separations. However, when the higher-pitch resonator is speaking, the behavior is the opposite. The primary resonance Q value now increases when coupling is introduced, the more the stronger the coupling.
The Q values of the secondary resonances can only be evaluated for small separations, and they are not discussed here.
The losses of the system as a whole increase when the coupling grows stronger. Possible causes for this include the less efficient radiation resulting from the raised pressure at the neck openings, which in turn is due to the reflections from the other resonator.
It is important to realize that the specific coupling effects reported here might not be the same in another coupled sys- tem. For example, the phase of the mutual impedance is crucial to the coupling effects. In the studied system, the phase of the mutual impedance is approximately /2 for all studied configurations and all frequencies of interest. This is equal to the phase of the mutual impedance between two point monopole sources spaced by a distance d if dӶ, which implies that the effect of the nonzero neck opening area is small. For qualitative reasoning, one can thus approximate the mutual impedance at small separations by the mutual impedance between two point monopole sources. The phase of this mutual impedance varies as the phase of je Ϫ jkd , which shows that when the separation is increased the phase of the mutual impedance decreases. In the present system, when the phase is zero, the pitch shift due to the mutual impedance is nearly zero. When the phase decreases just below zero, many of the coupling effects are the opposite of what is reported here. For example, in this case the coupling decreases the pitch differences, and the higher-pitch resonator-driven system becomes less influenced by coupling.
The conclusion of this reasoning is that the coupling effects presented here should be seen as the effects that occur in the present system when the resonator separation is much smaller than the wavelength. If the separation is comparable to the wavelength, the coupling effects will be very different. However, the theory developed here can handle this case as well.
In this paper, no equations for predicting the coupling effects have been derived. However, such equations can be derived using the coupling theory developed here.
B. Power flow
When the coupled system is excited, energy moves back and forth between the resonators. This is a fundamental property of coupled systems; analysis of the subject can be found in, e.g., Ref. 1, p. 67 for the case of a lossless system of two linear oscillators coupled by a linear restoring force. It is found that the energy surges back and forth at a frequency of
where 1 and 2 are the coupled primary resonant frequencies of oscillator 1 and 2, respectively. Considering the relative complexity of the studied system, as compared to the system studied in Ref. 1, it is of interest to find out whether the above equation still holds. Therefore, the predicted resonator neck velocities for a few system configurations are inverse-Fourier transformed to find the neck velocity impulse responses. The kinetic energy of the air in a resonator at any given time should be proportional to the square of the neck velocity, plus the small contribution from the much smaller velocity in the resonator body, which is neglected here.
The predicted neck velocity impulse response envelope magnitudes for resonators tuned to the same pitch and separated by 1 cm are shown in Fig. 19 . The corresponding neck velocity frequency responses, shown in Fig. 18 , have been previously discussed. The envelopes were obtained by Hilbert transformation. In Fig. 19 , the energy oscillations back and forth between the resonators are evident. The frequencies of energy oscillation for several system configurations, including those in Figs. 18 and 19 , are tabulated in Table V.  The table also shows the primary resonant frequencies of the neck velocities and the differences between these, multiplied by 1/2, as suggested by Eq. ͑28͒.
As Table V 
VII. CONCLUSIONS
It has been shown to be possible, using analytical methods, to accurately model the sound radiation from a system of two coupled Helmholtz resonators, of which only one is speaking. For more complicated systems and setups, where one can no longer assume that all dimensions and relevant distances are much smaller than the wavelength, numerical methods are required to model the system.
The mutual impedance approach used in this work can of course also be used for more complicated geometries, where numerical methods must probably be used to deduce sound field parameters.
The ''reflection'' impedance approach taken here can also be used to model the influence of walls and other rigid objects in the vicinity of a resonator, as well as the influence of reflections from other resonators.
The theory developed here can easily be extended to handle a system with several silent resonators. Also, it would not be difficult to extend it to handling several speaking resonators; however, the reciprocity measurement approach then cannot be used.
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